Int. J. Heat Mass Transfer.  Vol. 27, No. 7, pp. 1025-1029, 1984

Printed in Great Britain

0017-9310/84 83.00 +0.00
& 1984 Pergamon Press Lid.

FILM BOILING IN LAMINAR BOUNDARY-LAYER FLOW ALONG A
HORIZONTAL PLATE SURFACE

Bu-XuaN WaNG and De-Hui S
Thermal Engineering Department, Tsinghua University, Beijing 100084, China

(Received 10 July 1983)

Abstract—A mathematical model is presented to cover the effect of a pressure gradient caused by the

increasing vapor film thickness along the flow direction. Approximate heat transfer solutions are obtained

analytically for laminar film boiling of a liquid deviating greatly from critical state. It is shown that, the heat

transfer rate thus calculated may be obviously improved as compared with the results from previous formulae
reported in the literature, especially for the region of low flow velocity.

NOMENCLATURE

a  thermal diffusivity

¢,  specific heat

g  gravitational acceleration

he, latent heat

Nu Nusselt number

p  pressure

Pr  Prandtl number

g  local heat transfer rate per unit area

Re Reynolds number

t temperature

t,  saturation temperature

u,v  velocity component in x- and y-directions,
respectively.

Greek symbols
o local heat transfer coefficient
o0  thickness of vapor film
u  absolute viscosity
v kinematic viscosity
P

density.
Subscripts
w  atsurface
oo  at infinite distance from plate surface
1 vapor
2 liguid.

1. INTRODUCTION

THE FORCED-convective film boiling on a horizontal
surface has attracted many researchers for a long time.
Bradfield [1] analyzed this subject using the integral
method. As regard to the laminar-flow film boiling of a
saturated liquid on a flat plate, an approximate relation
was reported by Cess and Sparrow [2] as

Nu (ﬁ) _ 0_5[(pu)2 cf,,At ]‘”2’ M
\/Rel Ha (pu); hngrl
for the case [(pu),/{pu),1'/*> > 1 and a constant surface
temperature, where subscripts ‘1’ and 2" refer to vapor
and liquid, respectively. Cess and Sparrow also

analyzed the subcooled forced-convective film boiting
on a horizontal surface [3], and for the boundary
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condition g, = const. [4]. Ito and Nishikawa [5]
solved numerically this two-phase boundary-layer
problem and compared their results with those
reported by Cess and Sparrow [2, 3]. Later, Jordan [6]
and Kalinin [7] reviewed the works in this field, and
recommended equation (1) for predicting laminar-flow
film boiling on a horizontal plate surface.

However, as indicated by equation (1), the
dimensionless Nusselt number, Nu, approaches zero
when the free-stream velocity becomes smaller and
smaller, this is obviously not true in accordance with
the real situation of pool film boiling. It had been
pointed out that, the available heat transfer data on
convective film boiling on a horizontal plate surface are
regularly much higher than those obtained from
theoretical analysis [1, 8, 9.

In this paper, we present, possibly for the first time,
the effect of a pressure gradient caused by an increase in
the vapor film thickness along the flow direction. It was
found that this effect will be prominent for low-velocity
laminar film boiling on a horizontal plate surface,
especially for a large ratio between the density of the
liquid and that of the vapor.

2. MATHEMATICAL MODEL
The basic assumptions adapted are as follows:

{1) The flow is steady and laminar in the boundary
layer, with a smooth interface between the liquid and
the vapor film.

(2) The thermophysical properties of the liquid and
the vapor phase are considered as constants.

(3) The surface temperature is kept constant over all
of the heated plate.

Asshownin Fig. L if p,_andp, _,,  arethe pressure
at the interface of x and (x + Ax), respectively, then

Ap = psi. sy = Ps. = —(p2—p1)gAS. (2)

Since the vapor film thickness, 8, is a function of x only,
we obtain

op dé
L= =Py ©

The momentum equation in the vapor film can thus be
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FI1G. 1. Analytical model.

expressed as

du, duy Puy  p,—p, dé
Uy —+0,—=v;—5 +——g—. 4
o 15y lﬁyz 3 gdx 4)
For a liquid deviating greatly from thec*tw} state, i.c.
(p>—p1)/p, has a large value, for-example, rata
pressure of 1 Pa, the order of magnitude O[(p2 pl)/plj
is about 10°. Hence, the term [(p, — p,)/p,19(dé/dx) in

equation (4) may be of the same order of magnitude as
the rest of the terms.

Continuity and energy equations in the vapor film
are

du v
4= =0, (5)
Ox dy
ot Jt, 3%,
u1?+1/l 3 =a1"'2. (6)
ox oy oy

Continuity, momentum and energy equations in the
liquid region are

cu, 0v,

—=0, (7
dx ¢y
Cusy Qu, 3u,
Uy ——Fv,——=Vv,——, 8
2 ax 2 ay 2 3y (8)
at, oty d%t,
Uy~ +o, - =da,—. 9
Pox Loy 2 oy?

The boundary conditions are
y=0, (10)
(1

and the matching conditions at the liquid-vapor
interface, y = 6, will be

u; = vy =0, by =1y,

y — 0, u2 = uom t2 = [007

t=1, (12)
) = Uy, (13)
Cu, Ou,
= g, —= 14
My 3y 25 ay’ (14)
dé do )
p1<ula;—vl>:pz<u2——v2>=m, (15)
. Oty ot, R
— 1, = —iz}}——}—mhfg, 1

where m is the mass flux across the interface.
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3. SIMILARITY TRANSFORMATION

For the liquid region, similar variables used usually
for the single-phase flow along a flat plate [10] are
introduced as below

¥

& = y/(Un/V2x), ) =——0rp 17
N O= oy 07
where i/ is the stream function of the liquid flow, and
=" =y F, 18
M2 ay uao ( )

0 1 Vally
vz=——i=ﬁj( 2 )(éF'—F). (19)

ox 2y \ x|

Introducing a dimensionless variable © = (t,—1)/
(t,—1t), we obtained from equations (7)9)

2F"+FF" =0, (20)
2
—0O"+FO =0, (21)
Pr
with the corresponding boundary conditions
& — oo, F -1, (22)
(O (23)

For the vapor film, as reported by Sparrow and Yu
[11] to analyze the mixed convection problem, the
following variables are defined

n= y\/(ucx;/vx)’

& = g(x),
and

f(S, V[) = ¢(X, y)/\/(vluoox)»

where ¢ is the stream function in the vapor film, or

8¢ of
==, 25
Uy (»}y Uy 87] ( )

(24)

oy = ;‘i’ Bw(vlum/x)

+ Vit x)( Zi,ﬁfia)] (26)

Notingyy =nzaty =9

do  n, vy
dx 2 u,x)

_1(vix\ (pa—py) _ Ar
2\w, /9 p Re}™®

where Ar = g(p,—p,)x*/(p,v}), is the Archimedes
number and Re, = u,x/v,, is the Reynolds number.
Introducing a dimensionless variable, 0 = (¢, —1t)/
(tw—t,), and substituting equations (25)-27) into
equations (5) and (6), we obtained

53f *f _taefay o
+f 2+ e€ = [611 O (011) on? 88]’ 29)
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We define

(28)

&(x)
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2 8% 06 [ggg_z@q]’ (30)

Pr 617 + % on O on O
with boundary conditions
atn =0, t,=t, or 0=1,
)
u; =0 or l =0,
an
d
v, =0 or f+s—6!~=0 (31)

The corresponding matching conditions at the liquid—
vapor interface are

from equation (12), 6=0, ® =1, (32)
0
from equation (13), % =F, (33)
62
from equation (14), F" = \/ <%>—j;, (34)
Hap2) 0N
from equation (15),
d
F=\/<ﬂ1p1)<f+ei), (35)
Hap2 oe

from equation (16),
80 _ Aalt,—ts) /( ) o
67] '11( =)

_ 1 __% <f|n=rl,;+8g>‘ (36)

2 ¢, (ty—t de

According to the analysis of mixed convection [11,
127 it is reasonable to assume that df/de, (6/0¢) (0f /n),
and 060/0¢ are negligibly small, and equations (29) and
(30) can thus be simplified as

53
s ene=o @
2% fae o @
Pr on? m (38)

while the boundary and matching conditions,
equations (31), (32), and (36), can be reduced to

a

atp =0, 0=1, l=0, f=0; (39)
on

atn =1, F=\/<“‘p‘>f, (40)
MHa2pP2

00 Ayt—1y)
o Aylta—t)

Equations (20), (21), and (36), (37), together with
corresponding boundary and matching conditions,
provide a complete set of equations for determining the
four unknown variables, F, f, @, and 6, so that the
temperature and velocity distribution, as well as the
heat transfer flux on the surface, may be calculated
numerically.

v 1 Prih
<;‘>®’———”Lfl., w ()
2

2 ¢, (t,—t,
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4. A SIMPLIFIED HEAT TRANSFER SOLUTION

If attention is limited to film boiling for a liquid
deviating greatly from its critical state, which often
occurs in engineering practice, we can follow Cess and
Sparrow’s suggestion [2] to set aside the inertia and
energy convection terms in the vapor film, then
equations (37) and (38) can be reduced further to the
following equations

03

6f3 +ne =0, 42)
o%0
—=0. 43
o 0 (43)

The solution of equation (42) combined with the
corresponding boundary conditions is given as

r . Pl 1 1
f=5F(0) ( 2 2>n2+—n§6n2—~nm3~
2 Py

4 12 (44)

Changing the ordinate referring to the liquid-vapor
interface, ie. taking £ =0 at # = n,, the following
relation can be derived from equations (44) and (33)

1
F"(0) / (" 2"2) ns+ ~n3e = F(0).
P14y 4

An approximate solution to equation (20) for liquid

(45)

under the condition of (p,u,/pip)V? > 1 was
suggested by Cess and Sparrow [2] as
1
F(0) =—[1-F(O)] (46)

Jr
From equations (45) and (46), by eliminating F'(0), we
obtain

1—(1/4)n3e

F'(0) = .
© \/”+\/(P2,U2/P1#1)’15

(47)

As given by Cess and Sparrow [3] for the case Pr ~ 1,
from the similarity between the momentum equation
(20) and energy equation (21)

_ F-1 F'(0)

T F0)—1 F(O)—1
Solving equations (40), (44), and (46)«48), and ignoring
the value of \/m as compared with \/(p,p./p  p11)n5in the

denominator of equation (47) for the first approxi-
mation, we get

1 dylt—t,) \/(v) 1
N5 Ailty—t) Va \/Tf
" Prihe (1 + 1 49
ey ltu—t) ’75 48”8 - (49)

The solution of equation (43), combined with its
boundary conditions, will be
1

0=1——n.
Ns

(48)

le=0 =

(50)
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It is clear from Fourier’s law that

ot 1
L= Al(rw—zs)/(h>\.
y=0 V1X/ s

= — QL
q 1 dy
Let Nu = ax/A,, where o = g/(t,, —t,) is the local heat
transfer coefficient based on the temperature difference
taken as (¢, —t,). Hence, from equations (49) and (51)

(51)

i 1/2 f—t Pi
N =__(pzuz> Cplli—la) Pry JRe, Nut
Jr\ew) e lty—t) Pry
1 Pry hy, Re, Nty L Prih
4 ¢, (ty—t,) 48 ¢, (ty—ty)

(52)

5. DISCUSSION AND CONCLUSIONS

Forsaturation film boiling, t ,, = t,equation(52)can
be simplified to

Nu \°  Prih, |1/ Nu ) 1 53
JRer) et —t) 4 JRe, +T88' (53)

It can be shown that, as ¢ — 0, i.c. the effect of the
pressure gradient on the buoyancy force can be
neglected, equation (53) will be the same as equation (1)
which was derived by Cess and Sparrow [2].

Figure 2 shows the variation of Nu as function of Re,
and ¢ in equation (53). It is obvious that a smaller free-
stream velocity, coinciding with a greater ¢, could lead
to an important effect on the heat transfer rate.

In general, Ar is large, for example it reaches
101°-10'2 for water under atmospheric pressure. As
the free-stream velocity decreases to zero, i.e. for pool

10
Ar
ReP?
10°
v
— 10
Jre, 10
Q
05
) 05 10 5 2.0
Pry h
~ Mg
Prik eyt tg)

Fi1G. 2. Plot of equation (53).
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F1G. 3. Effect of buoyancy force on laminar film boiling heat
transfer.

film boiling, equation (53) can be reduced to

1 Pryh

Nu’ = —
48 cm(tw—ts)

(54)

Figures 3 and 4 describe respectively the effect of
buoyancy force and subcooling of liquid on the heat
transfer rate. For highly subcooled film boiling, the last
two terms on the RHS of equation (52) may be

10
10
5 L
Paphy]2 sz(ts"fw) Pr,
[Puul] Cp|(tw—'ts) .P_fz
\//—Z/——-—"‘J
Ny
[re 07
05
0.5 O
Ql —_— . T
[0} 0.5 1.0 1.5 2.0
Pri hyg
¢ (tu~to)

F1G. 4. Effect of subcooling of liquid on laminar film boiling
heat transfer.
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neglected, and the following simplified relation can
thus be obtained
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EBULLITION EN FILM DANS UN ECOULEMENT A COUCHE LIMITE LE LONG D’'UNE
SURFACE PLANE HORIZONTALE

Résumé—On présente un modéle mathématique pour couvrir les effets du gradient de pression causé par

l'accroissement d’épaisseur du film de vapeur dans la direction de ’écoulement. Des solutions approchées du

transfert thermique sont obtenues analytiquement pour I'ébullition en film laminaire d’un liquide loin de ’état

critique. On montre que le flux thermique ainsi calculé peut étre clairement amélioré en comparaison des

résultats donnés par des formules disponibles dans la bibliographie, spécialement pour la région des faibles
vitesses d’écoulement.

FILMSIEDEN BEI LAMINARER GRENZSCHICHTSTROMUNG LANGS EINER
HORIZONTALEN PLATTENOBERFLACHE

Zusammenfassung—Es wird ein mathematisches Modell vorgestellt, das den EinfluB-des Druckgradienten

aufgrund der zunehmenden Filmdicke in Stromungsrichtung mit berticksichtigt. Fiir den Wirmeiibergang

beim laminaren Filmsieden einer Flissigkeit fern vom kritischen Zustand werden analytisch

Néherungslosungen gewonnen. Es wird gezeigt, daB der derart berechnete Warmelibergang im Vergleich mit

Rechenwerten nach frither veroffentlichten Beziehungen deutlich besser ist, dies speziell fur kleine
Stromungsgeschwindigkeiten.

MNJIEHOYHOE KHWIMEHUE MMPH JAMHWHAPHOM TEYEHHUH B ITOTPAHHUYHOM CJIOE
HA T'OPU3OHTAJIbHOW MMJIACTUHE

Annoranss—IIpeaACTaBieHa MaTeMaTHYECKas MOJENb IS ONHCAHUA BIMSAHUA HA MIIEHOYHOE KHIIEHHE

rpafideHTa OaBJEHHSA, BbI3BAHHOIO POCTOM TOJIIMHBL IUJIEHKH Napa MO HANPAaBIEHHIO TEYEHHA.

MMosyyeHsl 1puGIHKEHHbIE AHATHTHYECKHE PELLEHA YPaBHEHHS TEIJIONEPeHoCca 1A 1TPOLecca KHNEHUA

JIAMMHAPHOM MUICHKM XHAKOCTH B JaJleKOM OT KPUTHYECKOTO peXHMa COCTOAHMH. [lokaszaHo, 4TO

paccYMTaHHAsA TAKUM 0Opa3OM IJIOTHOCTb TENJIOBOTO NOTOKA ABJAETCH 6oJlee TOYHOM 110 CpaBHEHHIO

€ pe3yJIbTATAMH, N10JIy4aeMbIMH [10 PaHee HCIIOIbL30BAHHBIM IPEACTABIEHHBIM B JIMTEPAType GopMyIaMm,
ocobeHHO i 06J1acTH ¢ HeDOJIBILION CKOPOCTBIO TEUYEHHUS.



