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Abstract-A mathematical model is presented to cover the effect of a pressure gradient caused by the 
increasing vapor film thickness along the flow direction. Approximate heat transfer solutions are obtained 
analytically for iaminar film boiling of a liquid deviating greatly from critical state. It is shown that, the heat 
transfer rate thus calculated may be obviously improved as compared with the results from previous formulae 

reported in the literature, especially for the region of low flow velocity. 

NOMENCLATURE 

thermal diffusivity 
specific heat 
gravitational acceleration 
latent heat 
Nusselt number 
pressure 
Prandtl number 
local heat transfer rate per unit area 
Reynolds number 
temperature 
saturation temperature 
velocity component in x- and y-directions, 
respectively. 

Greek symbols 
c? local heat transfer coefficient 
6 thickness of vapor film 

/J absolute viscosity 
V kinematic viscosity 

P density. 

Subscripts 
W at surface 
co at infinite distance from plate surface 
1 vapor 
2 liquid. 

1. INTRODUCTION 

THE FoRcaD-convective film boiling on a horizontal 
surface has attracted many researchers for a long time. 
Bradheld [l] analyzed this subject using the integral 
method. As regard to the laminar-bow film boiling of a 
saturated liquid on a flat plate, an approximate relation 
was reported by Cess and Sparrow [2] as 

for the case [(~#)~/(~#)~I 11* ti 1 and a constant surface 
temperature, where subscripts ‘1’ and ‘2’ refer to vapor 
and liquid, respectively. Cess and Sparrow also 
analyzed the subcooled forced-convective film boiling 
on a horizontal surface [S], and for the boundary 

condition q, = const. [4]. Ito and Nishikawa [S] 
solved numerically this two-phase boundary-layer 
problem and compared their results with those 
reported by Cess and Sparrow [Z, 3-j. Later, Jordan [6] 
and Kalinin [7] reviewed the works in this field, and 
recommended equation (1) for predicting laminar-flow 
film boiling on a horizontal plate surface. 

However, as indicated by equation (l), the 
dimensionless Nusselt number, Nu, approaches zero 
when the free-stream velocity becomes smaller and 
smaller, this is obviously not true in accordance with 
the real situation of pool film boiling. It had been 
pointed out that, the available heat transfer data on 
convective film boiling on a horizontal plate surface are 
regularly much higher than those obtained from 
theoretical analysis [l, X,9]. 

In this paper, we present, possibly for the first time, 
the effect of a pressure gradient caused by an increase in 
the vapor film thickness along the flow direction. It was 
found that this effect will be prominent for low-velocity 
laminar film boiling on a horizontal plate surface, 
especially for a large ratio between the density of the 
liquid and that of the vapor. 

2. MATHEMATICAL MODEL 

The basic assumptions adapted are as follows : 

(1) The flow is steady and laminar in the boundary 
layer, with a smooth interface between the liquid and 
the vapor film. 

(2) The thermophysical properties of the liquid and 
the vapor phase are considered as constants. 

(3) The surface temperature is kept constant over ail 
of the heated plate. 

As shown in Fig. 1, if pax and pd,x+dx) are the pressure 
at the interface of x and (x + Ax), respectively, then 

AP = ~++s,x, -Pa, = -(Pz--Pt)gA6. (2) 

Since the vapor film thickness, S, is a function of x only, 
we obtain 

The momentum equation in the vapor film can thus be 
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0 x x 

FIG. I. Analytical model. 

expressed as 

&4, au, d”u, ~2-~1 d6 
U,-+u,-=vv,--i+---- 

8X aL’ ay Pl 
“z. 

ati 1 
v2=--=- 

8x 2 
(19) 

(4) Introducing a dimensionless variable 0 = (t2 - t)/ 

ate, i.e. 
(t, - t), we obtained from equations (7t(9) 

For a liquid deviating greatly from the critical st 
(p2 ---p&p, has a large value, for.example, water at a 
pressureof 1 Pa,theorderofmagnitudeO[(p,-p,)/p,] 

is about 103. Hence, the term [(p2 -p,)/p,]g(dS/dx) in 
equation (4) may be of the same order of magnitude as 
the rest of the terms. 

2F”‘+ FF” = 0, (20) 

$YCFO’ = 0, (21) 

with the corresponding boundary conditions 

5- =, F’+ 1, (22) 

0 -0. (23) 

For the vapor film. as reported by Sparrow and Yu 
[I 11 to analyze the mixed convection problem, the 
following variables are defined 

c: = E(X), ‘1 = YJ(U,i% 

and 

Continuity and energy equations in the vapor film 
are 

3. SIMILARITY TRANSFORMATION 

For the liquid region, similar variables used usually 
for the single-phase flow along a flat plate [lo] are 

introduced as below 

r = YJ(u,/vzxb ____ F(r) = I(v2;mx). (17) 

where $ is the stream function of the liquid flow, and 

u -!ff!=, F’ 2- c?y co1 (18) 

(6) 

Continuity, momentum and energy equations in the 
liquid region are 

St, at, a2t, 
u2, +v2- = a,--. 

ox I ay Sy2 (9) 

The boundary conditions are 

y = 0, UI =u1 =o, t, = t,, (10) 

y+m, u2 = u,, t, = L, (11) 

and the matching conditions at the liquid-vapor 
interface, y = 6, will be 

t = f,, (12) 

u1 = u2> (13) 

all, au2 
q= P277 (14) 

(15) 

7 at, A’$ = -/I,1 frilh,,, (16) 
GY 

where ti is the mass flux across the interface. 

f(E, ‘1) = 4(x, Y)/J(VI%X)> (24) 

where 4 is the stream function in the vapor film, or 

(25) 

+J(v,w) 
i- 

1 ‘I af‘ 3” , 
2 x ar/ +zE I (26) 

Noting q = qa at y = 6 

dS _ y/s VI 

---&I dx 2 u,x 
(27) 

We define 

E(X) = ; VlX (P2rP1) h J( ! c gP=P Ref’2’ (28) 
Pl 

where Ar = g(p2-p1).x3/(pIv$ is the Archimedes 
number and Re, = u,x/v,, is the Reynolds number. 
Introducing a dimensionless variable, Q = (t 1 - t,)/ 
(t,-tt,), and substituting equations (25)-(27) into 
equations (5) and (6), we obtained 
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2 a28 as 
+f_C& 

af a0 ae af 4. A SIMPLIFIED HEAT TRANSFER SOLUTION 

pr a12 aq 
---2-- ) 
all a~ aq a& 1 (30) 

If attention is limited to film boiling for a liquid 

with boundary conditions 

at q = 0, t, = t, or e= I, 

deviating greatly from its critical state, which often 
occurs in engineering practice, we can follow Cess and 
Sparrow’s suggestion [2] to set aside the inertia and 

u,=O or af 0 
energy convection terms in the vapor film, then 

K= ’ 
equations (37) and (38) can be reduced further to the 
following equations 

2f 
u1 =0 or f+cZ=0. (31) 

2g + r/a& = 0, (42) 

The corresponding matching conditions at the liquid- 

vapor interface are 

from equation (12), 0 = 0, 0 = 1, 

from equation (13), 
af 
an = F’, 

a28 
- = 0. 

(32) aqz 
(43) 

The solution of equation (42) combined with the 

(33) corresponding boundary conditions is given as 

from equation (14), F” = ~‘I~1 azf 

J( > 
~ 2, 

f = ;F”(O) 

p2p2 all 
(34) J( > 

E q2+ $q2- &‘13. (44) 

from equation (15), 

from equation (16), 

Changing the ordinate referring to the liquid-vapor 
interface, i.e. taking { = 0 at q = qa, the following 

(35) 
relation can be derived from equations (44) and (33) 

F”(0) (45) 

ae n,(t, - t,) 
% = &(t,-t,) 

An approximate solution to equation (20) for liquid 
under the condition of (p2,u2/p1p1)1/2 $ 1 was 

-; cp~;w>,, (flq=q6+&;). (36) 
suggested by Cess and Sparrow [2] as 

According to the analysis of mixed convection [ll, 
F”(0) = L[ 1 -F’(O)]. 

Jn 
121 it is reasonable to assume that af/&, (a/&)(af/aq), 
and 80/a& are negligibly small, and equations (29) and From equations (45) and (46), by eliminating F’(O), we 

(30) can thus be simplified as obtain 

2 

2a3f+f.f+qa&=0, 
a13 a+ 

(37) 
l -(l/4)& 

F”(o) = J7c+J(P2P2/PlPlh~’ 
(47) 

As given by Cess and Sparrow [3] for the case Pr E 1, 
(38) from the similarity between the momentum equation 

(20) and energy equation (21) 
while the boundary and matching conditions, 
equations (31), (32), and (36), can be reduced to F-1 

@=- 
F”(O) 

F’(0) - 1 
or @‘I,=, = -. 

F’(O) - 1 
(48) 

atq =0, e= 1, $=0, f =0; (39) Solving equations (40), (44), and (46H48), and ignoring 
thevalueof Jnas compared with J(p2p2/p,pc,)~ain the 
denominator of equation (47) for the first approxi- 

at q = qa, F = (40) mation, we get 
. , 

1 
de l.,(t,- t,) J( > 1 Pr, h, 

~z@,-L) “1 1 

“1 @‘_- (41) I?, = &(t,-t,) J( > 
_- 

&= 4kct*) “2 

2 c (t _-t +,. “2 Jn 
PlW s 

Equations (20), (21), and (36), (37), together with 
corresponding boundary and matching conditions, 
provide a complete set of equations for determining the 
four unknown variables, F, f, 0, and 8, SO that the 

The solution of equation (43), combined with its 

temperature and velocity distribution, as well as the 
boundary conditions, will be 

heat transfer flux on the surface, may be calculated 
numerically. 

e=i-A,. (50) 
Va 
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It is clear from Fourier’s law that 

q = -$L 
3Y y=o 

= &(t,-t,) J( > : 1. (51) 

Let Nu = ‘IX/&, where a = q/(t,- t,) is the local heat 
transfer coefficient based on the temperature difference 
taken as (t,-t,). Hence, from equations (49) and (51) 

1 Pr, h, 
+ 4 c&-t,) 

1 Pr, 4, Re, Nd- 
48 c&V - t,) 

Au. 

(52) 

5. DISCUSSION AND CONCLUSIONS 

For saturation film boiling, t, = t,, equation (52) can 

be simplified to 

It can be shown that, as E -+ 0, i.e. the effect of the 
pressure gradient on the buoyancy force can be 
neglected, equation (53) will be the same as equation (1) 
which was derived by Cess and Sparrow [2]. 

Figure 2 shows the variation of Nu as function of Re, 

and E in equation (53). It is obvious that a smaller free- 
stream velocity, coinciding with a greater a, could lead 

to an important effect on the heat transfer rate. 
In general, Ar is large, for example it reaches 

1010-1012 for water under atmospheric pressure. As 
the free-stream velocity decreases to zero, i.e. for pool 

IO , I 
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Pr, hg 

cp w,- t, I 
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)5 

FIG 3. Effect of buoyancy force on laminar film boiling heat 
transfer. 

film boiling, equation (53) can be reduced to 

1 Prl h, N$- 
48 c&,--t,) 

Ar. 

Figures 3 and 4 describe respectively the effect of 
buoyancy force and subcooling of liquid on the heat 
transfer rate. For highly subcooled film boiling, the last 
two terms on the RHS of equation (52) may be 

05, 

FIG. 4. Effect of subcooling of liquid on laminar film boiling 
heat transfer. FIG. 2. Plot of equation (53). 
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neglected, and the following simplified relation can 
thus be obtained 

Nu _ 1 w2 1’2 c,(t,--t,) Pr, 
I I Jn ~1~1 c&-t,) Pr, J%. (55) 

Let fi = Cx/1,, where o? = q/(t, - t,). Then 

(56) 

which is almost the same as the heat transfer relation for 
single-phase fluids with laminar boundary-layer flow 
[lo] except the constant coefficient in equation (56) 
increased to I/ Jrc = 0.564. 

In conclusion, it may be summarized as follows : 

(1) For a liquid deviating greatly from its critical 
state and flowing with a low velocity, the pressure 
gradient caused by a great density ratio between the 
liquid and vapor phase has an important effect on the 
film boiling heat transfer rate, and can be predicted 
approximately by equation (54) as the free-stream 
velocity is close to zero. 

(2) The heat transfer rate for film boiling in a laminar 
boundary-layer flow with a greater subcooling of the 
liquid and at a higher free-stream velocity may be 
predicted from equation (55). 
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EBULLITION EN FILM DANS UN ECOULEMENT A COUCHE LIMITE LE LONG D’UNE 
SURFACE PLANE HORIZONTALE 

RbumiLOn prksente un modtle mathkmatique pour couvrir les effets du gradient de pression causC par 
I’accroissement d’kpaisseur du film de vapeur dans la direction de I’&coulement. Des solutions approchCes du 
transfert thermique sont obtenues analytiquement pour I’bbullition en film laminaire d’un liquide loin de 1’8tat 
critique. On montre que le flux thermique ainsi calcul& peut etre clairement amtliori: en comparaison des 
resultats don& par des formules disponibles dans la bibliographic, sptcialement pour la rkgion des faibles 

vitesses d’tcoulement. 

FILMSIEDEN BE1 LAMINARER GRENZSCHICHTSTRC)MUNG L;INGS EINER 
HORIZONTALEN PLATTENOBERFLACHE 

Zusammenfassung-Es wird ein mathematisches Model1 vorgestellt, das den EinfluD-des Druckgradienten 
aufgrund der zunehmenden Filmdicke in Striimungsrichtung mit beriicksichtigt. Fiir den Wiirmeiibergang 
beim laminaren Filmsieden einer Fliissigkeit fern vom kritischen Zustand werden analytisch 
NIherungsliisungen gewonnen. Es wird gezeigt, daI3 der derart berechnete WLrmelbergang im Vergleich mit 
Rechenwerten nach friiher veriiffentlichten Beziehungen deutlich besser ist, dies speziell fiir kleine 

Strijmungsgeschwindigkeiten. 

nJIEHOYHOE KHHEHME fIPM JIAMMHAPHOM TEriEHMR B HOTPAHkiqHOM CJIOE 
HA l-OPki30HTAJIbHOn IXIACTMHE 

AHHoTaqn~IIpencTaeneHa h4aTeMaTHgecxax Monenb nnn 0micaHxa BJIHIIHAR‘ Ha nneHoqHoe Kxnemie 
rpaweera naB.newx, BbI3Baworo poc~o~ TonmaHbI nneHKH napa no HanpasneHmo TeqeHMII. 
nonygeHbI npH6JIHxeHHbIe aHanlrTAsecKxe pemeHua ypaaHeHaa TennonepeHoca Qnn npouecca KHneHlia 
JIaMHHapHOti IUIeHKH W(ILLIKOCTH B LIaneKOM OT KpHTH’IeCKOrO pegHMa COCTOIIHBI(. nOKa3aH0, ‘IT0 
paCC’IHTaHHaa TaKIiM o6pa3oM nnOTHOCTb TenJIOBOrO nOTOKa HBJISleTCII 6onee TO’IHOfi II0 CpaBHeHHIO 
C pe3y,IbTaTaMH, nO,Iy’IaeMbIMA “0 paHee BCnOnb30BaHHbIM npenCTaBneHHbIM B nHTepaType +OpMynaM, 

OCO6eHHO L~JIR o6nacTH c He6OJIbLIIOfi cKopocTbIo TeqeHHII. 


